Abstract-The fluctuation effect of laser pumping rate on the output noise fluxes of class-A lasers is investigated. The method is based on the role of cavity Langevin force as a fluctuating force in the absence of the atomic population inversion and dipole moment Langevin forces. The temporal fluctuations induced to the phase and amplitude of the cavity electric field and the atomic population inversion are calculated in both below and above threshold states. Our aim is to derive correlation functions for the fluctuating variables of the cavity electric field and the atomic population inversion to determine the noise fluxes emerging from the cavity mirrors and measured by an optical detector and those radiated in the form of a spontaneous emission in all spatial directions. We introduce a heuristic conservation relation that connects the noise flux generated by the laser pumping system with those distributed among the laser variables. Finally, the results are confirmed by demonstrating the energy conservation law.
remove the Langevin forces of D and d from the Bloch equations of motion to reveal the new aspects of laser noise with regard to the cavity Langevin force of α . For simplicity, we also consider class-A lasers [9] - [11] in which the condition γ ⊥ γ || γ c causes the Bloch equations of motion associated with the population inversion and the dipole moment of atoms are adiabatically approximated and substituted into the Maxwell-equation of motion pertaining to the cavity electric field.
There are many experiments to confirm that both the optical and electrical pumping systems generate the major noise of lasers. So, the different attempts have been made to reduce the laser noise produced by the pumping system [12] - [14] . It is due to the atomic population of inversion and the cavity electric field that are simultaneously controlled by the laser pumping rate. Any sudden change (fluctuation) in the pumping variable is directly transferred into the two other laser variables. As a result, we are looking for a conservation rate between the input noise flux imposed to laser by fluctuations of the pumping system and the output noise fluxes distributed between the cavity electric field and the atomic population inversion in both below and above threshold states.
The paper is sorted out according to the following sections. In section II, the Maxwell-Bloch equations of motion for all the three class A, B and C lasers are introduced and then simplified to cover the motion of class-A lasers. The trial solutions for the fluctuating variables in the below threshold state are given in section III. The noise fluxes emerging through the cavity mirrors in the presence and the absence of laser pumping rate are also calculated. In section IV, we introduce the noise equations of motion and derive their solutions for the above threshold state. The conservation relation between the input and output energy rates of laser and their corresponding fluctuations are discussed in details in section V. Consequently, we will demonstrate a balance between the noise fluxes produced by the different fluctuating variables. Finally, the main results are summarized in section VI.
II. MOTION EQUATIONS OF CLASS-A LASERS
The general features of the Maxwell-Bloch equations of motion including the fluctuating variables of the cavity electric field α, the atomic population inversion D, and the atomic dipole moment d together with their respective damping rates γ C , γ || , and γ ⊥ ; and Langevin forces α , D , and d as the fluctuating forces are given by [15] - [18] 
in which ω L is the laser oscillation frequency, D P is the inverted atomic population produced by the laser pumping system and g is the coupling constant between the cavity electric field and the atomic dipole moment. The real role of Langevin force α is revealed by ignoring two other Langevin forces ( D = d = 0). We also apply the condition γ ⊥ γ || γ c associated with class-A lasers to (3) . Then, the dipole moment variable is immediately derived as [3] , [9] 
By substituting from (4) into (1) and (2), we will havė
and
where D is not directly substituted from (6) into (5) to avoid the nonlinear cubic term |α L | 3 that complicates the Fourier transform of (5) in subsequent sections.
III. BELOW-THRESHOLD NOISE
The chaotic nature of laser light in below threshold state is distinguished by a zero-mean electric field that oscillates with a time-random amplitude δα(t) in the form
The population inversion gains a real time-dependent fluctuating term δ D(t) in the form
If the trial solutions (7) and (8) are substituted into (5) and (6) , then the terms proportional to first order of the fluctuating variables give
where
is the normalized pumping rate and has a value less than one (C < 1) in the below and larger than one (C 1) in the above threshold states [19] . The time-dependent variable δα(t) is related to its corresponding variable in frequency domain δα(ω) by using the Fourier transform in the following formal form
where ω is the frequency detuning with respect to the laser frequency ω L . It is evident from (10) and (11) that
while (9) has a simple solution in the form
The power spectrum of the cavity electric field is now obtained by the following correlation function
in which the correlation function of the cavity Langevin force α in nominator is given by Scully [1] and Louisell [6] as
where the mean number of thermal photonsn th is usually ignored at the laser operation temperature according ton
The correlation function of an arbitrary time-fluctuating variable a(t) with a white noise origin (Dirac function) is defined in the following complex conjugate form [20] 
in which |h(ω)| 2 is the dimensionless mean flux per unit angular frequency bandwidth at angular frequency ω and given by
Now by substituting (15) into (14), we derive the following correlation function similar to (16) as
Therefore, the output noise flux of class-A lasers in the below threshold state is given by
where the subscript LN is an abbreviation for the laser noise. It is produced by the pumping noise flux N P N (ω) (pumping noise) and can be measured by the optical detectors after passing through the cavity mirrors. The other part of pumping noise flux is converted into the noise flux of spontaneous emission N S P N (ω) (spontaneous emission noise) and radiated into all spatial directions. This subject will be discussed in more details in next section.
The contribution of the pumping noise N P N (ω) on the laser noise N L N (ω) is now disappeared when the normalized pumping rate C is approaching to zero, so that we have
which is in complete agreement with the Lorentzian spectrum of the empty cavity noise (cavity noise) N C N (ω) derived by Scully and Zubairy in (9.3.12) of Ref [1] . As a result, a photodetector cannot distinguish the cavity noise N C N (ω) and the laser noise N L N (ω), independently. The laser noise spectra in the below threshold state for the different values of the normalized pumping rates C (C < 1) are plotted in Fig. 1 . A similar relation compared to (19) was derived by Loudon and his co-workers (LHSV) by ignoring the cavity Langevin force α ( α = 0, D = 0, and d = 0) [8] . It has only an additional multiplying factor of the normalized pumping rate C on the nominator (19) , as seen in (4.30) of Ref [8] . Consequently, the cavity noise (20) cannot be derived from the laser noise (19) in the absence of the normalized pumping rate (C = 0).
Nevertheless, the bandwidth of laser noise spectrum is obtained from (19) as
which is in complete agreement with the similar relation (4.28) derived by LHSV [8] . As one expects, when C tends to zero, the laser noise bandwidth ω L N matches to the cavity noise bandwidth ω C N = 2γ C . According to (15) , it should be noted that the laser noise flux (19) is only created by the mean damping rate of the cavity mirrors γ C , rather by the negligible mean number of the thermal photonsn th . Therefore, we can not ignore from the vital role of the cavity langevin force α on the laser noise.
IV. ABOVE-THRESHOLD NOISE
The above threshold state of laser is specified by a strong coherent light of the mean large amplitude |α L | produced by the stimulated emission radiation. However, it also consists of two real fluctuating variables of amplitude δα(t) and phase δφ(t) produced by the laser noise, so that the cavity electric field is defined in the following complete form
where |α L | 2 is the mean number of the cavity photons in the above threshold state (C > 1) and given by [11] and [16] as
The static population inversion of atoms D O is also fluctuated by a real time-dependent random value δ D(t) as [11] , [16] 
If one substitutes the trial solutions (22) and (24) into (5) and (6), the following equations proportional to the first order in fluctuating variables δα(t), δφ(t) and δ D(t) are obtained in the forms
The variables δα(ω) and δφ(ω) are now derived from the real and imaginary parts of the Fourier transform (25) as
The variable δ D(ω) is then calculated by substituting δα(ω) from (27) into the Fourier transform of (26) as
Now by using (15) and the following correlation function that is defined in Refs of [1] , [6] , and [7] 
we derive the correlation functions for the variables of δα(ω), δφ(ω), and γ || δ D(ω) in the following respective forms
where the condition n th 1 is used. The phase correlation function of (32) is the same as (5.50) derived by LHSV [8] . Therefore, we here give up from the fluctuation effect of the electric field phase (known as the phase diffusion effect or the Schawlow-Townes linewidth), since it had already discussed by many authors, especially in [8] , [21] , and [22] . The output noise flux from the cavity mirrors due to the fluctuations of the electric field amplitude δα(t) is given by (31) as
The spontaneous emission noise flux radiated in all spatial directions due to the fluctuations in the static population inversion of atoms δ D(ω) is given by (33) as 
V. FLUCTUATION AND NOISE CONSERVATION RELATIONS
The energy conservation law requires that the total energy rate supplied into laser by the pumping system γ || D P (t) is equal to the total energy rate emitted from the laser in the forms of spontaneous emission rate γ || D(t) in all spatial directions and the stimulated emission rate 2γ C |α(t)| 2 emerged through the cavity mirrors, so that we have [3] , [11] 
in which the pumping variable D P (t) includes the time-independent mean value D P together with a fluctuating value δ D P (t) as
where it holds for the both below and above threshold states. In below threshold state, the fluctuation conservation relation is derived by substituting the corresponding trial solutions (7), (8) , and (37) into the Fourier transform of (36) as Therefore, correct to first order of fluctuating variables, any fluctuation in the laser pumping rate γ || δ D P (ω) directly transfers to the spontaneous emission rate γ || δ D(ω).
In above threshold state, the fluctuation conservation relation correct to the first-order fluctuating variables of the pumping rate γ || δ D P (t), the spontaneous emission rate γ || δ D(t), and the electric field flux 4γ C |α L | δα(t) is directly derived by substituting the trial solutions (22) , (24), and (37) into the energy conservation relation (36) in the form
or in the equivalent form
It is evident from (22) and (36) that why any contribution of the fluctuating variable δφ(t) has not appeared in the energy and fluctuation conservation relations (36) and (40), respectively. The effect of the phase fluctuations is to offset the laser emission frequency (see, for example, page 294 of Ref [23] ). The fluctuation rate of the laser pumping is now determined by substituting δα(ω) and δ D(ω) from (27) and (29) into the fluctuation conservation relation (40) as
We then derive the following correlation function for the laser pumping fluctuation by using the correlation relations (15) and (30) in the form
The spectrum of pumping noise flux is thus given by
The variations of N P N (ω) versus ω/γ C for the different values C are demonstrated in Fig. 2(c) .
The next aim is to derive a conservation relation between the noise fluxes N P N (ω), N L N (ω), and N S P N (ω) by taking the complex conjugate of fluctuation conservation relation (40) at an arbitrary frequency ω as
Now by multiplying the fluctuation conservation relations (40) and (44) in each other and taking the average of its complex conjugate, we derive the following relation
Finally, if the above relation is divided to the mean output flux of photons 2γ C |α L | 2 and relations (34), (35), and (43) are used, after some algebra calculations, we derive a heuristic relation for the conservation of the noise fluxes as 
which is in agreement with the laser noise bandwidth (5.62) derived by LHSV [8] . The bandwidth variations of the noise fluxes (21) and (47) in the below and above threshold states are plotted against the normalized pumping rate C in Fig. 4 . It is seen that all bandwidths reduce to zero at the laser threshold state C = 1, and increase by moving away from threshold (C = 1) toward smaller (C < 1) and larger (C > 1) values of the normalized pumping rate C. The maximum values of the bandwidths are equal to 2γ C at the below-threshold state for C = 0 and equal to 4γ C at the above-threshold state for C >> 1.
VI. CONCLUSION
We have introduced a new method which describes how the noise flux produced by the laser pumping system is distributed between the spontaneous and stimulated emission radiations.
The noise produced by the excitations of the thermal photons (n th ) is always ignorable, but the noise produced by the mean decay rate of the cavity mirrors (γ C ) plays the significant role. This is due to the definition of cavity diffusion coefficient D αα * = γ C (n th + 1) ≈ γ C in which n th << 1 whereas γ C ≈ 10 6 − 10 8 H z. Therefore, we have only considered the cavity Langevin force α ( D = d = 0) as a fluctuating force for the variables of the laser pumping, the atomic population inversion, and the cavity electric field in the both below and above threshold states of a class-A laser. 
